Abstract. A singular Riemannian foliation F on a complete Riemannian manifold M is called a polar foliation if, for each regular point p, there is an immersed submanifold Σ, called section, that passes through p and that meets all the leaves and always perpendicularly. A typical example of a polar foliation is the partition of M into the orbits of a polar action, i.e., an isometric action with sections. In this work we prove that the leaves of F coincide with the level sets of a smooth map H : M → Σ if M is simply connected. In particular, we have that the orbits of a polar action on a simply connected space are level sets of an isoparametric map. This result extends previous results due to the author
Introduction
In this section, we recall some definitions and state our main results as Theorem 1.1 and Corollary 1.2.
A singular Riemannian foliation F on a complete Riemannian manifold M is a singular foliation such that every geodesic perpendicular to one leaf is perpendicular to every leaf it meets; see Molino [13] . A leaf L of F (and each point in L) is called regular if the dimension of L is maximal, otherwise L is called singular.
Typical examples of singular Riemannian foliation are the partition of a Riemannian manifold into the orbits of an isometric action, into the leaf closures of a Riemannian foliation and examples constructed by suspension of homomorphisms; see [13, 2, 3] .
A singular Riemannian foliation is called a polar foliation (or a singular Riemannian foliations with sections) if, for each regular point p, there is an immersed submanifold Σ p , called section, that passes through p and that meets all the leaves and always perpendicularly. It follows that Σ p is totally geodesic and that the dimension of Σ p is equal to the codimension of the regular leaf L p . This is equivalent to saying that the normal distribution of the regular leaves of F is integrable; see [3] .
Typical example of a polar foliation is the partition of a Riemannian manifold into the orbits of a polar action, i.e., an isometric action with sections. Note that there are examples of polar foliations on Euclidean spaces (i.e., isoparametric foliations) with inhomogeneous leaves; see Ferus et al. [10] . Others examples can be constructed by suspension of homomorphism, suitable changes of metric and surgery; see [2, 3] and [4] .
We are now able to state our main result.
Theorem 1.1. Let F be a polar foliation on a simply connected complete Riemannian manifold M and B = M/F . Let ρ : M → B denotes the canonical projection. Then B is a good Coxeter orbifold and we can find a section Σ, a canonical embedding j : B → Σ and a smooth homeomorphism G : B → B such that the map
The above result generalizes a result due to the author and Gorodski [5] for the case of polar foliations with flat sections and previous results of Heintze et al. [11] , Carter and West [8] , and Terng [15] for isoparametric submanifolds. It can also be viewed as a converse to the main result in [1] and in Wang [20] .
For the particular case of polar actions, the above theorem can be reformulate as follows. Corollary 1.2. The orbits of a polar action on a simply connected complete Riemannian manifold M are level sets of a isoparametric map H : M → Σ, where Σ is a section.
Recall that a map H : M → Σ is called a transnormal map if for each regular value c ∈ Σ there exists a neighborhood V of c in Σ such that for U = H −1 (V ) we have that H | U → V is an integrable Riemannian submersion (with respect to some metric on V ). In addition, a transnormal map H is said to be an isoparametric map if each regular level set has constant mean curvature. For surveys on isoparametric maps, isoparametric submanifolds and their generalizations see Thorbergsson [16, 17, 18] . This paper is a preliminary version and is organized as follows. In Section 2 we recall some facts about polar foliations and reflection groups. In Section 3 we prove Theorem 3.1 that, together with the facts of Section 2, will imply Theorem 1.1.
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Facts about polar foliations and reflection groups
In this section we recall same facts about polar foliations and reflection groups that will be used in this work. The proofs of these facts can be found in [2, 4, 5, 7] and in Davis [9] .
Several properties of polar actions are still true in the general context of polar foliations. One of them is the so called equifocality(see [2, 6] ). This property implies that if ξ is a parallel normal field along a curve β :
Now we define a holonomy map by setting
where S β(i) := {exp β(i) (ξ)|ξ ∈ ν β(i) L, ξ < ǫ} and [β] denotes the homotopy class of the curve β. The radius ǫ depends only on normal neighborhoods of the sections Σ β(0) and Σ β (1) . Therefore the domain of the isometry ϕ [β] can contain singular points. Due to equifocality we have that
Hence, for a small ǫ, the map ϕ [β] coincides with the usual holonomy map. We define the Weyl pseudogroup as the pseudogroup generated by the local isometries ϕ [β] such that β(0), β(1) ∈ Σ. By the appropriate choice of section, this pseudogroup turns out to be a group that is called Weyl group W (Σ); see [19] .
From now on we fix this section where the Weyl group is well defined as the section Σ.
By definition, if w ∈ W (Σ) then w(x) ∈ L x and W (Σ) describes how the leaves of F intersect the section Σ. As expected, when F is the partition of a Riemannian manifold M into the orbits of a polar action G × M → M , the Weyl group W (Σ) is the usual Weyl group N/Z, where N = {g ∈ G| g(x) ∈ Σ, ∀x ∈ Σ} and Z = {g ∈ G| g(x) = x, ∀x ∈ Σ}; see [14] .
Another result on polar actions that can be generalized to polar foliations is the fact that the slice representations are polar. The result states that the infinitesimal foliation of F in the normal space of the leaves are polar, i.e., isoparametric, see [2] . This imply that, for each point x, we can find a neighborhood U such that the restriction of F to U is diffeomorphic to an isoparametric foliation.
In addition we have that the intersection of the singular leaves of F with the section Σ is a union of totally geodesics hypersurfaces, called walls and that the reflections in the walls are elements of the Weyl group W (Σ); see [2] . We define Γ(Σ) as the group generated by these reflections.
The fixed point set of a reflection r ∈ Γ(Σ) can have more than one connected component if Σ is not simply connected. In particular Γ(Σ) is not a reflection group in the classical sense, as defined e.g., in Davis [9] . On the other hand, recall that the fixed set points of a reflection is always a connected hypersurface if the space is simply connected. This motivates us to consider new groups acting on the Riemannian universal cover Σ.
We start by considering the section Σ. Let w ∈ W (Σ). In what follows we will define a isometryw : Σ → Σ on the Riemannian universal cover of Σ such that π Σ •w = w • π Σ where π Σ : Σ → Σ is the Riemannian covering map. We are now able to construct the appropriate reflection group on Σ. Definition 2.3. Let H be a wall in Σ and H ⊂ Σ an hypersurface such that π Σ ( H) = H. Then a reflectionr in H is an element of W . The group generated by all reflectionsr is called lifted reflection group Γ.
It follows from Davis [9, Lemma 1.1,Theorem 4.1] that Γ acting on Σ is a reflection group in the classical sense, concept that we now recall. Let N be a simply connected Riemannian manifold. A reflection r : N → N is an isometric involution such that the fixed point set N r separates N . It is possible to prove that N r is a connected totally geodesic hypersurface that separate N in two components. A discrete subgroup Γ of isometries of N is called reflection group (in the classical sense) on N if it is generated by reflections. Let R be the set of reflections of Γ and R(x) be the set of all r ∈ R such that x ∈ N r . A point x ∈ N is nonsingular if R(x) = ∅. Otherwise it is singular. A chamber of Γ on N is the closure of a connected component of the set of nonsingular points. Let C be a chamber. Denote by V the set of reflections v such that R(x) = {v} for some
Also N v is the wall supported by C v and V is the set of reflections through the panels of C. It turns out that C is a fundamental domain of the action of Γ on N , the set V generates Γ and ( Γ, V ) is a Coxeter system. It follows from [7] that there exists a surjective homomorphism π 1 (M ) → W / Γ. Therefore, if M is simply connected, W = Γ and hence M/F = Σ/W (Σ) = Σ/ W = Σ/ Γ. As explained in [7] , the existence of such surjective homomorphism and the fact that Γ is a reflection group in the classical sense also allow us to give alternative proofs of the next two results, where the first is due to Lytchak [12] and the second is due to the author and Töben [6] :
(1) If M is simply connected, then the leaves are closed embedded. (2) If M is simply connected, the regular leaves have trivial holonomy and M/F is a simply connected Coxeter orbifold.
Let us now sum up the above discussion.
Theorem 2.4. Let F be a polar foliation on a simply connected complete Riemannian manifold M . Then the leaves of F are closed embedded and the regular leaves have trivial holonomy. In addition M/F is a simply connected good Coxeter orbifold N/Γ where N is simply connected Riemannian manifold and Γ is a reflection group.
We conclude this section recalling the next result due the author and Gorodski [5] .
Theorem 2.5. Let F be a polar foliation on a complete Riemannian manifold M , and let Σ be a section of F . Then the immersion of Σ into M induces an isomorphism between the algebra of basic differential forms on M relative to F and the algebra of differential forms on Σ which are invariant under the Weyl pseudogroup of Σ.
Maps and reflection groups
In this section we will prove the next result.
Theorem 3.1. Let N be a simply connected complete Riemannian manifold. Let Γ be a reflection group on N , let C ⊂ N be a chamber and let π : N → C denotes the projection. Then there is a map G : C → C with the following properties:
(1) G is a homeomorphism; (2) The restriction of G to each stratum is a diffeomorphism; (3) The map G is smooth; (4) The composition G • π : N → N is smooth.
The above result, Theorem 2.4 and Theorem 2.5 will then imply Theorem 1.1.
3.1.
Motivation. For the sake of motivation, in this subsection we prove the result in the particular case where N = R 2 and Γ is a finite group of reflections in lines K 1 = ∪ {y = a i x}, following a procedure that will be generalized in the next section.
The strategy of the proof is the following. Set K 0 = {(0, 0)}. First we will construct a Γ invariant map F 1 : N → N that will be smooth on N − K 0 , whose restriction to each wall of each chamber will be the identity and so that F 1 • π will be smooth on N − K 0 . Then we will consider a smooth radial retraction F 0 (that is clearly Γ-invariant) and the desired map will be G = F 0 • F 1 .
In order to define the map F 1 we start by considering some real functions. Let h : [0, ∞) → [0, ∞) be a smooth function such that
(1) h (n) (0) = 0, for all n (where h (n) is the nth derivative of h),
is a nonnegative increase function, for t > 0 closer to 0.
Let d 1,0 : K 1 → R be the distance function between points of K 1 and K 0 . Let l 1 : K 1 → R be a smooth function such that (1) There are some constant A 1,0 and B 1,0 such that
is a neighborhood N 1 of K 1 . We also assume that N 1 is a union of disjoint neighborhoods N 1,k such that N 1,k is a neighborhood of a connected component K 1,k of K 1 and N 1,k ∩ K 1,j = ∅, for k = j. Now we define F 1 on the neighborhood N 1 of K 1 as
)v, where x ∈ K 1 , v is a unit normal vector to K 1 , 0 ≤ t < l 1 (x). On N − N 1 the map F 1 is defined to be the identity. Since h(t) = t for t ≥ 1, this extension is continuous. In this way we have constructed a Γ-equivariant continuous map F 1 : R 2 → R 2 . In particular, if C is a chamber with a wall K 1,0 := {y = a 0 = 0, x > 0}, then the restriction of F 1 to a neighborhood K 1,0 is F 1 (x, y) = (x, f 1,2 (x, y)), where
y |y| for y = 0 and f 1,2 (x, 0) = 0. Here we can assume l 1 (x) = bx, for a small b > 0. Since h (n) (0) = 0 we have
Equation (3.1) implies that map F 1 is smooth on R 2 − (0, 0). Since h ′ (t) = 0 for t = 0, the map F 1 restricts to the regular stratum is a diffeomorphism. Note that F 1 fails to be smooth at (0, 0). For example consider a sequence {x n } on {y = 0, x > 0} that converges to 0 and check that for two constant k 1 and k 2 such that h
. Equation (3.1) and the fact that the restriction of π to the regular stratum is an isometry imply that F 1 • π is smooth on R 2 − (0, 0). Also note that
in the intersection of each compact set with N 1 .
We define a map F 0 : R 2 → R 2 as F 0 (0, 0) = (0, 0) and
for (x, y) = (0, 0). Clearly F 0 is a Γ-equivariant continuous map and a smooth map on R 2 − (0, 0). Since h ′ (t) = 0 for t = 0 the map F 0 is a diffeomorphism on R 2 − (0, 0). The properties of the function h imply that F 0 is also smooth at (0, 0). Finally we consider G = F 0 • F 1 . From the above discussion we conclude that the maps G and G • π are smooth on R 2 − (0, 0) and that G is a Γ-equivariant continuous map whose restriction to each stratum is a diffeomorphism.
Note that, in the case where C is a chamber with a wall K 1,0 := {y = a 0 = 0, x > 0} and l 1 (x) = bx we have
for (x, y) ∈ N 1 . This follows from the fact that h (n) is a nonnegative increase function, for t > 0.
The properties of the function h (e.g., h (n) (0) = 0 and equation (3.3)), equation (3.2), and the fact that the restriction of π to the regular stratum is an isometry imply that the maps G and G • π are also smooth at (0, 0). We invite the reader to check these straightforward calculations.
3.2. Proof of Theorem 3.1. The proof of the general case is based on some ideas presented in Subsection 3.1. First, we are going to define a new metricg so that normal slices of the strata are flat and totally geodesics. Then we will define the desired map G as compositions of Γ-invariant maps F i , that are constructed using exponential map with respect to the metricg. Finally, due the properties of the metricg, we will be able to verify that these maps are smooth in a similar way as we have done in Subsection 3.1.
Consider the stratification of N by orbit types of the action of Γ on N , denote K 0 the strata with the lower dimension and K i the union of strata with dimension i + dim K 0 . Then we have the stratification {K i } i=0,...,n where n ≤ dim N . Lemma 3.2. There exist a Γ-invariant metricg on N and neighborhoods N i of each stratum K i with the following properties:
(1) For each x ∈ K i , we find a slice S
Proof. First note that the normal bundle of K i is trivial. This can be proved using the following facts:
• each stratum is totally geodesic;
• the slice S i x has dimension 1 or the intersection of S i x with the singular stratification is diffeomorphic to a union of simplicial cones; • the interior of two different chambers can not be joined by a continuous curve without singular points. The desired metricg will be constructed by induction. Using the fact that the normal bundle of K 0 is trivial, we can find a Γ-invariant metric metric g 0 on a neighborhood of K 0 such that S 0 x is a flat totally geodesic submanifold. Considering the appropriate Γ-invariant partition of unity h 1 , h 2 , we setg 0 = h 1 g 0 + h 2 g. Clearlyg 0 is a Γ-invariant metric and hence each stratum is totally geodesic with respect tog 0 . This last fact and the fact that S 0 x is totally geodesic (with respect tog 0 ) imply that S with respect tog i is also a slice with respect to g i+1 .
is a flat totally geodesic submanifold.
Considering the appropriate Γ-invariant partition of unity h 1 , h 2 , we define a Γ-invariant metricg i+1 = h 1 g i+1 + h 2gi . The fact that the strata are totally geodesic with respect tog i+1 and properties (1), . . . , (5) above imply:
(6) For j ≤ i + 1, S j x is a flat totally geodesic submanifold,
Finally setg :=g n−1 .
For i = 0, ..., n − 1, we are going to define maps F i : N → N with the following properties:
(1) F i is a Γ-equivariant homeomorphism, whose restriction to each stratum is a diffeomorphism, (2) the restriction of the map
• F n−1 , the maps G i and G i • π are smooth on K n ∪ · · · ∪ K i . Firstly, we need to to consider some functions. Let h : [0, ∞) → [0, ∞) be a smooth function such that
+ be the distance function (with respect to the metricg) between points of K i ∩ N j and the set K j , where j < i and i > 0.
Finally, for i ≥ 0, let l i : K i → R be a smooth function such that (1) For i > 0, p ∈ K i ∩ N j (when j < i) and p / ∈ N k (when j < k < i) we have
, where A i,j B i,j are constants. (2) the image of l i is small enough so that {v|v ∈ ν x K i , v < l i (x)} is mapped diffeomorphically onto N i by exp ⊥ , i.e., the normal exponential map with respect to the metricg. Define a map F i on a neighborhood N i of K i as
where x ∈ K i , v is a unit normal vector to K i with footpoint x, 0 ≤ t < l i (x) and exp is the exponential map with respect to the metricg. On N − N i the map F i is defined to be the identity. Clearly F i and G i = F i • F i+1 • ...
• F n−1 are Γ-equivariant homeomorphisms and, by construction, F i restricted to each stratum is a diffeomorphism. As we will see below, the maps F i , G i and G i • π also fulfill the other desired properties. Then we set G := G 0 . Lemma 3.3.
(1) The restriction of the map F i to K n ∪ · · · ∪ K i is smooth. (2) The maps G i and G i • π are smooth on K n ∪ · · · ∪ K i .
Proof. Due to Lemma 3.2, we can reduce the proof to the Euclidean case. Let z be a coordinate such that (F n−1 ) z is not the identity on a neighborhood of a point p ∈ K n−1 . Then the properties of the function h imply D n (F n−1 ) z (p) = 0. It follows from this equation and from the fact that π| Kn is an isometry that F n−1 and F n−1 • π are smooth on N n−1 . By the chain rule we have the next equation 
